
For the modified theory, the temperature-wave velocity is again described by Eqs. (20) and (21), but in this 
case the definitions of a, c, and m are as follows: 

a - - - - ~ ( o ,  o', O'ln 1+), (25) 

c ---- D e e (0, ~t, ~at), (26) 

m = 8ge(0, 0 t, c Grin 1+)" (27) 

In [1], Eqs. (20)-(24) fo rmed  the basis  fo r  the conclusion that ff 

~tge (0, 0 t, gin 1 +) = 0 (28) 

fo r  all n,  the t e m p e r a t u r e - w a v e  veloci ty  in the d i rec t ion  of q was l a rg e r  than in the d i rec t ion - q .  Thus, this 
veloci ty  is not s imply a p rope r ty  of the ma te r i a l  but is a function of  the p rocess .  As follows f rom Eqs. (25)- 
(27), this ef fect  is absent  f r om the modified theory  and, when only Eq. (28) is sat isf ied (if, for  example ,  the 
ma te r i a l  has a cen ter  of symmet ry ) ,  U = U 0. The veloci ty  U 0 may be regarded  in the normal  sense as a cha r -  
a c t e r i s t i c  of the ma te r i a l  since calculat ions of U 0 re ta in ing only the main l inear  t e r m s  give a constant which 
depends solely on the t empera tu re .  

It  should be emphas ized  that the di f ference of pr inciple  between the two theor ies  are  conf i rmed by e x p e r i -  
mental  ver i f ica t ion.  
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H E A T  T R A N S F E R  IN S E M I I N F I N I T E  R E G I O N  W I T H  

V A R I A B L E  P H Y S I C A L  P A R A M E T E R S  

Y u .  I .  B a b e n k o  UDC 536.24.02:517.9 

A method is proposed  for  the de te rmina t ion  of the nonsteady t empera tu re  f ield in a semiinfini te 
region with var iable  physical  p rope r t i e s .  

The heating of a semiinfini te  region with var iab le  physical  p a r a m e t e r s  in the coordinate and the t ime,  
for  ze ro  initial condit ions,  may be desc r ibed  by the following equation 

[ 0 t ) ] r = 0  0<x<oo.  (1) [ at ax ~ J 
T[x=0=T0(t); TIx=~=0;  T i t : 0 = 0 .  

It  is r equ i red  to find the t e m p e r a t u r e  f ield T(x, t). 

E a r l i e r ,  fo r  an analogous p rob lem,  only the t empera tu re  gradient  a t  the boundary (ST/Sx)x= 0 was found 
[1, 2]. 

The total  solution of Eq. (1) will be sought in the fo rm of a functional se r i e s  

T = ~ c~ (x, t) D -n/~ e-~D1/~T o (t). (2) 
n=O 
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H e r e  D v a r e  f r a c t i o n a l - d e r i v a t i v e  o p e r a t o r s .  

DVf (t) -~ 

F o r  an a r b i t r a r y  funct ion f(t) [3] 
t 

1 d ~ ( t  ,~ )_v f (~)d~ ,  - - o o < v < t ,  
r (1 - -  v) at J 

0 

D"DUf(t)  = DV+~f(t) ,  v + ~ 1. 

D~t ~ = F (~t 5- I) #_~.  
r ( ~ +  1--~,) 

The  o p e r a t o r  e -xD1/2 is given by the e x p r e s s i o n  

t 

e-~nl/~ f(t) = - -~ .  1--ap 2~-~-~-- f(~)d~. 
0 

The r a t h e r  unwieldy f o r m  in which the o p e r a t o r  is given e m p h a s i z e s  its p r o p e r t i e s  

d_d e _ ~ i / 2  f (t) -~ - -  D L/2 e -xol /2  f (t) = - -  e-xD1/2Dl/2 f (t), 
dx 

D v e -xnt/2 f (t) = e-xD~/2DV f (t), 

D -l/~" e -~ol/0- f ( t )  = i Ie-xn' /2 f(t)l dx, 
x 

which  a r e  v e r i f i e d  by m e a n s  of a Lap lace  t r a n s f o r m  with r e s p e c t  to t. The funct ion f(t) is a s s u m e d  to be 
bounded and p iecewise  smoo th :  lim f(t)<~const 

t ~ + O  ' 

t~ubs t i tu t ing  Eq.(2) into Eq. (1), us ing  Eqs .  (4) and (5), and equat ing  t e r m s  of  the s a m e  o r d e r  in D -n /2 .  
xD/~  e -  T0(t) gives  a s y s t e m  of r e c u r r e n c e  r e l a t i ons  fo r  c n 

(3) 

(4) 

(5) 

x 

1 I c0=l ;  c ~ = - - ~ .  7(x, t) dx; 
0 

x 

1 f~[ Oc~ , C 02c~ ) dx. 

0 

(6) 

Equat ion  (2) s a t i s f i e s  all  the condi t ions  in Eq. (1) if the s e r i e s  c o n v e r g e s  and m a y  be d i f fe ren t ia ted  t e r m  
by t e r m .  In f ac t ,  Eq. (2) gives  T = T0(t ) f o r  x = 0 and T = 0 fo r  x = 0% It  is a l so  known tha t  the funct ion T = 
e-XDV2T0(t),  being a solut ion of  Eq. (1) fo r  y = 0, s a t i s f i e s  the z e r o  ini t ial  condi t ion for  0 < x < ~.  F o r  ana ly t ic  
Y(x, t) ,  the use  in this  solut ion of the o p e r a t o r  of  Eq. (2) does  not change the o r d e r  of  lira T ; i . e . ,  Eq. (2) s a t i s -  
f ies  the z e r o  ini t ial  condi t ions .  ~+0 

T h u s ,  the s e r i e s  in Eq.(2) is the so lu t ion  of  Eq. (1). If T(x) depends  only on x ,  the solut ion m a y  be o b '  
m ined  by m e a n s  of  a Lap lace  t r a n s f o r m ,  s ince  DVf(t) = pV~-(p); e-XDff2f(t) = e-xd-p-fpf(p). 

Example  1. L e t  T =2(1 + x)-2; T0(t ) is  an a r b i t r a r y  funct ion.  Then  Eq. (6) g ives  c 0 = 1; c n = ( -1)nx(1  + 
x) - t ,  n >- 1. Summing  the Lap lace  t r a n s f o r m  of Eq. (2) g ives  

T =  ( I - -  I + v . -  1 x_ x il e-x"P T~ 

D i r e c t  ve r i f i c a t i on  c o n f i r m s  this solution.  

The conf idence  tha t  the method  is a p p r o p r i a t e  f o r  any funct ion of the a r g u m e n t s  y(x,  t) tha t  is e v e r y -  
w h e r e  ana ly t i c  d e r i v e s  f r o m  the ve r i f i c a t i on  of a n u m b e r  of  complex  e x a m p l e s ,  one of  which is given below. 

Example  2. Le t  T = x2/4(t 2 - 1) + t/2. In th is  c a s e ,  an a c c u r a t e  solut ion of Eq. (1) is known 

b 

(7) 
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It will be instruct ive to compare this with the solution obtained by the present  method. 

x 4 x t  
c i  24- (t2-- 1) --  - ~  ; 

x 6 x4t  3 x 2 

c2 115~ ( t 4 - - t 2 +  1) + 96 32 ( t2-4) ;  

x 9 

F rom Eq. (6) 

X 7 

c3 = 82944 (t~-- 2t4 + 2 t 2 -  1) 3225----6 (7t5 + t a -  120 + 

x s (llt4 37t~+22) + 9 x3t3 - x (t~__4)" 
-{- 384------0-- 384 3-~ 

Since Eqs. (2) and (7) are  of completely different  fo rm,  the comparison made will be (0T/gx)x= 0. 

F rom Eq. (7) 
t 

0 

Using Eqs. (5) and (8) and calculating the necessa ry  component t e rms  c 4 , . . .  , c 7, Eq. (2) gives 

~ Oc~ D -~/a 1= OT = D 112 1 - -  ~ ~=o 

-~X x~O n~l 

t - ~ / 2  t t ~/2 t 2 - - 4  t 3/2 5t a t 5/2 

r(1/2----~+-4 " r(3/2----~ § 3----~ r(5/2----~ --~ 128 r(7/2) 
/ 21/~ l l t  2 21 ) l 7/2 

( 2048 64 ~- ~ F (9/2-----~ + 0 (t 9/2) + . . . . .  

After  grouping t e r m s  in increasing powers of t ,  this expression accurate ly  gives the f i r s t  three t e rms  of 
Eq. (9). 

N O T A T I O N  

T 
To 
X 

t 
7 
C n 

f 
D v 

P 
@ 

v , ~ , n  

is the t empera ture ;  
is the tempera ture  in boundary region; 
is the coordinate;  
is the t ime;  
is the hea t - t r ans fe r  function; 
are  the unknown functions; 
is the a rb i t r a ry  function; 
is the f ract ional-different ia t ion operator ;  
is the Laplacian; 
is the probabili ty integral;  
are  the differentiat ion and summation indices. 
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